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Cross Validation (CV)

@ Consider
P
yi =B +e = Z%‘jﬁj + e,
i=1

where B = (B1,...,8p) and ¢; are i.i.d. r.v.s with E(e;) =0 and E(e?) =02 > 0.
@ Suppose 8; =0 for some i € P = {1,...,p}.
@ We are interested in choosing the smallest true model
Yi = wgya*,@a* + eq,

where o = {i: 8; # 0}, B . = (Bi,i € @*) and x,
candidate models

(45,7 € ™), among the

. =
NeY

E(y) € C(Xa),

where ¥’ = (y1,...,yn), X4 = (Ti,a,- .. @Tn,a) With mg,a = (zi5,] € ), and a € oF.
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Delete-n,-out CV (CV(n,))

@ Let (y;,@;), i =1,...,n, be observations.
@ CV(ny) splits the data into two parts:
{(is i), i € s} and {(ys,®i),i € 5},
where s and s¢ are subsets of N = {1,...,n} with sNs® =0 and sUs® =N.
e The first part is referred to as the validation (testing) sample, whereas the
second part is referred to as the training sample.
@ Denote #i(s) and #(s¢) by n, and nc, respectively, noting that n, + ne = n.
@ The CV evaluates the performance of a using

f‘a,n(nv) = ! Z Z(yl - m;,aBa,s“F

n
n "
U(Tbv) All (s,s¢) combinations i€s

Z Hys - ga,sc H27 (ﬁa,s" - X(x.,s/éa.s")

1
n
v (nv) All (s,s€¢) combinations

where 3y = (y;,i € A), A C N and Ba,sc = (X,

a7sCXa,sC)_1X;’ScysC with
X;’A = (:Bi’a,i (S A)
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Cross Validation (CV)

Some statistical properties of CV

Define Po = Xo (X4 Xa) ' X} and Qa4 = Xa,A(X4Xa) 1 X!, .

n;1||y5 — Ya,s° ”2 = n;1||(Inu - Qa,S)il(ys - Xa,SBa)||2:

where I, denotes the n,-dimensional identity matrix and

:éa = (X&Xa)_lx(;y,

which is the least squares estimate of 3, based on the "full” data.
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Cross V. (cv)

Since
(X4 seXase)h = (X0 Xa — X[, Xas) ™!,
by making use of
(A-B'B)y '=A"1'4+A'B(I-BA'B)"'BA !, (1)
(I: identity matrix of suitable dimension)
we obtain
Ya,s¢ = Xa,sBa,se
= Xa.sBa +Qas(I ~ Qa.s) ' Xa.sBa — Qa.sys — Qas(I ~ Qas) ' Qasys,
and hence
Ys — Xa,s,éa,sc = - Qa,s)_l('ys - Xa,sBoz)A
This completes the proof.
Remark

By Fact 1, we have

n
Ton(l)=n"t Z{(l — win) " (Y — wg,aﬁa)}Q, — Delete-1-out CV (conventional CV)

i=1

where w;o = (Pa)qi, the ith diagonal element of P.
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Theorem 1
Assume
X'X
— R, a positive definite matrix, (2)
n n— o0
where X’ = (x1,...,@y), and
; 0 f 2F, 3
lrél%xn Wia —3 0 forany a€ (3)
Then

A 1
Can(l) =0?+ 5,@’){’(1 — P,)XB+ o0p(1),
(I : n-dimensional identity matrix)
if a is an incorrect model (namely o* — a # 0),
(2)

2d 02

. 1
Tan(l)=n"ltele+ — —e'Pye+op(n7 1),
n

if  is a correct model (a* — a = 0), where do = () and e’ = (eq, ..., en).
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@ Since
(1 = win)? =14 2wiq + O(w?),

where O(+) denotes a bound uniform over 1 < i < n, it holds that
3 1q-~ 2 1y 2 V)2
Fa,"(l) = ﬁ Z’yizx + E Z(2w10€ + O(wza )’Yi,a = (I) + (II)7
i=1 i=1

where v, o = yi — @ Ba.
@ If « is incorrect, then
M = n'YI-Pay
= n (e +8X)I-P)(XB+e)
n"le/ (I — Pe+2n"te'/(I - P,)XB+n 18 X' (I - P,)X3

why?

=2 2@ X/ (I - Py)XB+ 0p(1),
and (II) = 0p(1). Then (1) follows.
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If o is correct, then
() =n"te'(I — Py)e,
and

I = n'Y (2wia + Owh))(ei — @ o(Ba — Ba))?

i=1
r 2 _
= wame?-‘rap(n )
n “
=1
2 & 2 &
= waWUQJerwm(e%70'2)+op(n71)
s iz

why?  2da 02
il ‘:L + op(1).

This completes the proof.
Corollary 1

Let

&= argminaeﬂf’a,n(l).

Then limy, 00 P(a* — & = 0) = 1, but limp— 00 P(& = a*) is in general less than 1.
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Notation

°b=(.)
Bn, ={s:sCNand#(s) =no}
° Pa,s = XO‘vs(Xéx,sXays)_lX{l,s

> _ 1 /
@ Ry = oy D tes Tt,ah o

5 _ 1 /
@ Ry sc = . Zte.sc Lt,aly o

n

o Ya,s = Ys — on,sBoc
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Cross Validation (CV)

Then, Fact 1 yields

Lan(ng) = S v Tny = Qars) HIny = Qas) 'Yays = (M +AD + -+ (VD), (4
nvb SEBn,
where
n2
n = Z 'Ya sYa,s, (II)—*Z Z 'Yas Py, sYa,s,

nub sEBnp,, ne nwb SEBn,
1 1 o . - -

am = = D AeoXas(ByLe = RODX) Koo (R e = REDX Yas,
nc nub SEBnU ’ B ) )

(IV) = Z "/a s a sYa,s,
nc nub SEBn,

V) = D Ve Xas(Byle = BLUDX) oo,
’I’Lc nub SEBn,
2 N

v = e LSy P Xl (B e — RIDXL o (PaXa = Xo )
ne nvb SEBp

Using (1), one gets
1
(In,, — QO‘:S)_l =1In, + %Pa*s + ;Xa,s(R_l - R_l )X
c

a,s¢
c
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Cross Valid

Theorem 2

Assume the same assumptions as in Theorem 1. Assume also that

lim max ||Rs — Rsc| =0,

n—00 s€By,,

where Ry = ﬁ ZteA xix, with A C N. Suppose

Ny
— — 1 and ne=n—ny — co.
n

Then
(i) For a* —a #0,
Tan(ny) =n"tee+n 18 X' (I — Pa)XB+ 0p(1) + Ry,
where R, is a non-negative random variable.
(ii) For a* —a =0,

doo?
Tan(ng) = n~tee + 7(; + op(nc_l).
C

(iii) limp—soo P(én, = a*) =1, where G, = argminaeﬂf‘a,n(nv).

(5)

(6)

()

(®)
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@ We begin by considering the case of a* — a = 0.
@ We will first show that

Lan(ne) = (1) + (1 + o(1)), 9)
via proving
[(£)] = (ID)o(1), (10)
where K =111, IV, V, and VI.
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Cross Validation (CV)

To show (10) holds with K = VI, note that

(VD) < 2{(A) + (B)}, (11)
where
ny, 1 1 A=l 7 A 1
() = n2 nyb Z 'Y;,SXOMS(RL!,SC _Ra,s)(Ravs _RawSC)Ra,SX;ys‘y"ﬂs ’
c v SEBn,
n, 1 , A1, A S—1 !
(B) = S| > YaeXaoRo\(Ras = Rase) RXG Yoo
e M | en,,
In addition,
By ! Ro.-R B! P 12
(B) < T3 max R, — Raell max |RCLI e; Ye,s Por,s¥ar, 55 (12)
and
a1 Rur— Rl R R L.P 13
) 'S Trp o MRew = Ravell® mgx WRLI mx WRoLell 30 7o Paae: (13)
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Cross Validation (CV)

@ By (2), we have
xRl =0,
which, together with (5), and (11)—(13), yields
|((VD] = (IDo(1). (14)
@ Similarly, it can be shown that
|(V)[ = (IDo(1). (15)
@ Since Z—: — 00, it is easy to see that

[(IV)| = (IV) = (II)o(1). ((IV) is non-negative) (16)
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Now, for (III), we have

ny 1 N , _ .
A < 22— | 37 4l XasRyLe(Ros — Raso) Ry Lo (Raus — Rase) REL XY Aos
n2 nyb
s€By,,
ny 1 - - _ N . L
S 7; Z 'Y(IJ,SXOZJR;,IS(ROL,S - Ra sC)Raléc(Ra,s - Ra,sc)Ra’ISX&’s')’a,s
n2 nyb
s€Bp,
n. —
; Z ‘Ya SXQ SRa S(Rﬂsz )Ra s¢
nz nvb

s€Bnp,
(Ra,s - Ra,sC)Ra sC (Ra s = Ra,SC)R;,IsX;,s'Ya,S :
This and an argument similar to that used to prove (14) give

|(11D)] = (I)o(1).

Hence, (10) follows from (14)—(17). Now, by an argument similar to that use to prove (14)
again, we have

(H)— D VasQasva,s + (Io(1).

nub s€Bnp,,

nw‘cﬂm

17

(18)
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Moreover,
21
My
2 1 E "Ya sQa,sYa,s
n2 b
€By,
2
ny 1
= 45— > PaiiYiaYie ([Paijlijes = Pa)
nZ nyb .
s€Bn, (i,j)Esxs
21
= n% b E Py zz’Yz at ﬁ n E E Pa,ij’yi,a’yj,a (Pa,ii =
c s€By,, 1€s ¢ wb s€EBp,, (1,j)EsXs,i#]
why?TLgl n 2 n2nv711
= S § wia’yri,a ) 717 wza’y'L @
n2mn “ ng n—1mnH
2 n
ny 1 ne 2 2
= i;* 715 Wiqo~ + O 75 wza('\/zafo')
nenn =1 € i=1
2
why? dao 1
= +0P(nc )
Ne

w’iu)

(19)
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@ By (18) and (19), we have

deo?

(0 = +op(ngt). (20)

c

@ Moreover,
1 1
)=~y (I—-P)y=—€(I—Py)e= n~tee + Op(n_l). (21)
n n

@ In view of (20), (21) and (9), the desired conclusion (8) follows.
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Cross Validation (CV)

@ To show (7), note that (4) implies (why?)

. 1 1
Lan(ne) > > VosYas = =y (I — Pa)y. (22)
Nyb ’ n
sEan
@ Since a* —a # 0,
1
Y/ (I-P)y = nlee+n 18/ X' (I-P)XB+2n" 18/ X' (I -P,e
n
= nlee+n 1B/ X' (I - P.)XB+ 0p(1), (23)

and hence (7) is ensured by (22) and (23).

@ Finally, (iii) is an immediate consequence of (i) and (ii).
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nte Carlo Cross Validation (MCCV)

@ Let s; i, U(Bn, ), where By, is defined in the note for CV.
@ Define MCCV as follows:

REe — LS gl

nvb =

where b is the number of Monte Carlo simulations used to calculate CV.
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Theorem 3

Assume the same assumptions as in Theorem 1. Suppose

max Z Tix, — — Z x;x}|| = op(1), (24)

1<j<b || ny icay c g
J
and
4 n? Ny
Eei < o0, — — 0, — — 1, and n, — oo. (25)
bn2 n
Then,
(i) for a* —a # 0,
b
FMoCY _ - Zeslesl + 5 X'(I — P,)XB+ 0p(1) + Ry,
wb “
=1

where e}, = (e;,j € s;) and Ry, is some positive r.v.,
(ii) for a* —a =0,
b
F%SCV 2657651 + 0. dao? + op(n;t),
i=1

nyb

(iii) limn—oo P(Gyooy = @*) = 1, where & ooy = argminaeﬂfg/{%cv_
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L Monte Carlo Cross Validation (MCCV)

By an argument similar to that used to prove (9) and (18) in the note for CV, one has for

a* —a =10,
1< n2 1
Pan® = o 2 s Yours 3 00 3 o Poei Yoy (L4 00 (1), (26)
— 2 —
and
n? n2 1 b ,
Z'Ya s; Pa,siYa,s; (1 +0p(1)) = 7 Z'Ya,si Qa,s;Va,s;- (27)
ng neb —

n2 b

i=1
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In addition, by (19) in the note for CV,

2 b
ns 1
E 7,‘2)727(/173:Qa7si’ya73i (y17m1)>"'1(ynvmn)
nZ nyb P 4
2
ns 1
= %7E[’Y&,31Qa,61"/a,81|(yl’m1)u~-w(yn’mn)]
nZ ny
2
hy? ny 101
= 7;7 Iy Z 7&,3Qa,s7o¢,s
nz ny
¢ (’ﬂu) SEBn,
d. 2
= = (nct),
c
implying
EneVa|Fn] £ doo?, (28)
where
Vo = n2 nv Z'ya lea s; Yo, s;

i=1

and F, is the o-field generated by (y1, 1), ..., (Yn, Tn).
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L Monte Carlo Cross Validation (MCCV)

@ We also have
2 b

ns 1
VaT‘(chnU:n) = 7;72 Z Var('y{l 5~Qa,si’7a,51‘ ‘}—n)
nc b = 197
2
ns 1
< %*E((’Yé,sl Qa,s1Ya,s )2‘]'—”)
nz b
2
ng;l 1 Z , 2
= 57 (’Ya,sQa,s'Ya,s) .
ng b ("nv) SEBn,
@ Since Ee‘ll < 0o, we have
E(('y&’SQa,s'yQ,S)Q) <C < oo forall se€ Ba,, (C : some positive constant)
2
which, together with 2% 3 — 0, yields

Var[n:Vn|Fn] 20 0.

(29)
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L Monte Carlo Cross Validation (MCCV)

@ It is shown in the Appendix that
(28) + (29) implies neVi 255 doo?. (30)

@ In view of (26), (27) and (30), (ii) is proved once

+op(nh). (31)

/
Sq

@ To show (31), note first that
Ya,s; = €s; — on,si (,Ba - ﬁa)v

yielding

‘S”L

b
Z’Ya 51’704 S Z (lx,sieSi

nvb

b
Z 0457,Xa31> (Ba — Ba). (32)
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Since
1 & R
n bZ(B ﬁa) as7e k3 S ”ﬂa ﬁaH ZXOL 37
v =1
1< 1<
E X/, 5. es < X 5
(s xe]) < roxen
1
= 7E[E(||Xo¢ 51831 Hlfn)}
1 1
= —E|= X0, sesll
w2 e
_1
Wg? O(nU2)7
and
- _1
1Ba = Ball = Op(n™2),
one has
vvh? _
bZ(,@a Ba) X e = Op(n™?). (33)
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@ Similarly, it can be shown that
b

(B = Ba) [ =3 XU X, | (Ba — Ba) = Opln™). (34)

nvb i=1

@ Combining (32)—(34), we obtain the desired conclusion (31). Thus, (ii) is proved.
@ The proof of (i) is left as an exercise.

@ Finally, we note that (iii) is an immediate consequence of (i) & (ii).
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Monte Carlo Cross Validation (MCCV)

Appendix: the proof of (30)

To prove (30), we need the so-called conditional Chebyshev's inequality, which is stated as
follows.

Conditional Chebyshev's inequality

Let X be a positive r.v., € > 0, and F be a o-field. Then

EX|F)

P(X > ¢€lF) < a.s. (almost surely). (35)

Let D € F. Then, by the definition of conditional expectation,

/P(X>e|}')d79:/ E(IX>€|J-')dP:/ Iy . dP
D D D

IA

A
ST s

Hence (35) follows.

©
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L Monte Carlo Cross Validation (MCCV)

Now, (30) is ensured by the following fact.

Fact

Let {X,} and {F,} be sequences of r.v.s and o-field, respectively. If

Var(Xn|Fn) 255 0, (36)

and
E(Xn|Fn) £ C (a constant), (37)

then
X, ¥ c. (38)

Proof
By the conditional Chebyshev's inequality and (36), it holds that for any ¢ > 0

Var(Xny|F b
ar( 2n| n) &07
€

P(|Xn — E(Xn|Fn)| > €| Fn) <
which, together with the dominated convergence theorem, yields
Xn — B(Xn|Fn) 255 0. (why?)

This and (37) give (38).

10
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Accumulated Prediction Errors (APE)

Consider the following stochastic regression model
P
Y= Bitui + €t (39)
i=1

iid. . .
where ¢; ~& (0,02) and x¢ = (x41,...,Ttp) is Fi—1-measurable, meaning that x¢ can be
completely decided by the information collected at time ¢ — 1.

Example 1: Autoregressive (AR) models

Yt = a1yt—1 + -+ apyYr—p + €,

where A(2) =1 — a1z —ag2? — -+ —apzP #0, V|z| < 1.

Example 2: Autoregressive exogenous models

Yt = a1Yt—1 + -+ apYt—p + M Zt1 + - - + Mg Ziq + €,
where A(z) # 0, V|z| <1, and (&t, Z¢1, . . ., Ztq) are i.id..

-
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Accumulated Prediction Errors (APE)

@ Let o and a* be defined as in the note for CV.
@ We are interested in choosing a* based on APE, which assigns « to a positive value:

n

APEa = Y (yr — o} oBr-1,0)%
t=M+1

where
-1

t t
3 2 : / 2 :
ﬁt,a = a:j,ocmj,a Tj,alj
j=1 j=1

and M is some integer to be specified later.
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Accumulated Prediction Errors (APE)

Theorem 4
Assume
1 n
— thmé o R (pd), Ela| < oo for some large qi,
n
t=1
and

1§t§nrlz,alxging|Iti|q2 < oo for some large g2, E||Vt(B: — B)||8 < k < oo,

for all t > M and some large g3.
(i) For a* —a =0,
n
APE, = Z 2 4+ 02dq logn + op(logn),
t=M+1

(ii) For a* — a # 0,
APEa > 3 & +An(a) +0p(1),
t=M+1
where LA, (@) 55 4 > 0.

n
(iii) limp—oo P(&pspy = @*) =1, where G,y = argmin, copAPE,.

(40)

(41)
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Accumulated Prediction Errors (APE)

Proof

@ We first prove (i). Define

’
t -1 t t
/
Via = (X @ia®ia]| . Qua=|D Zjaq | Via | @jac |,
i=1 j=1 j=1
and dt,a = -’Bgyavi,awt,a-
@ By making use of
/
‘/tfl,amt,amtya‘/tfl,a
‘/t,a = ‘/tfl,a - 7
1+ mtya‘/tfl,amt,a
and
1
=1- dt (%)
1+ w;’awfl,amt,a

one gets

n t—1 2

!
> @ o Vieta ) ®jac | (1—dta) +Qna — Quma
t=M+1 j=1
n n
2 / %
= E di,a€f + 2 E mt,a(ﬁtfl,a — Ba)et(l —di,a). (42)
t=M41 t=M+1
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Accumulated Prediction Errors (APE)

@ Moreover, by (40) and (41), it can be shown that

@ Also, we have

n

2
t—1

D [ @aVicra ) @jac | dia=0u(1),

t=M+1 j=1

Qn = Op(1)7 Qu = Op(l)y

Y. @ha(Bi-ta — Ba)er(l —dia) = op(logn).

t=M+1

n
§ : 2
dt,aet

t=M+1

n n
Z dt,00? + Z di,o(e2 — %)

t=M+1 t=M+1
a2da logn + op(logn) + Op(1).

(43)
(44)

(45)

(46)
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Accumulated Prediction Errors (APE)

@ Consequently, (i) follows from (42)—(46), and the fact that

APEG = Z (Ef - m;&,a (Btfl,a - ﬁa))Q
t=M+1
= D> &-2 > (Bi-1a-Ba)Tract+ P [ o(Bi-1,0 —Ba)l’
t=M+1 t=M+1 t=M+1
n n R
= > G+ DY [@alBi1,a—Ba))? + 0p(logn).
t=M+1 t=M+1

@ To show (ii), note that by Theorem 2.1 of Wei (1992), we have

n n M
DT - aBi10)’ = D (W~ 0Bna)® = D (Ut — @ oBra)’
t=M+1 t=1 t=1

= y'(I-Pa)y+0p(1),
which implies (ii) (why?).

@ Now, (iii) follows directly from (i) and (ii).
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